In this work, we systematically calculate the mass spectra of the S-wave fully heavy tetraquark states bbbb, cccc, and bbcc in two nonrelativistic quark models. A tetraquark state may be an admixture of a 6c −6c state and a3c − 3c one, where 6c −6c(3c − 3c) denotes the color configuration with a 6c (3c) diquark and a6c (3c) antidiquark. For the tetraquark states bbbb and cccc with J P C = 0 ++ , the 6c −6c state is lower than the3c − 3c one in both the two quark models, while the order of the bbcc states depend on models. The 6c −6c and3c − 3c mixing effects are induced by the hyperfine interactions between the diquark and antidiquark, while the contributions from the one-gluon-exchange (OGE) Coulomb or the linear confinement potentials vanish for the QQQ Q system. With the couple-channel effects, we obtain the similar mass spectra. The numerical results show that the ground QQQ Q (Q = b, c and Q = b, c) tetraquark states are located above the corresponding scattering states, which indicates that there may not exist a bound state in the scheme of the two quark models.
I. INTRODUCTION
Since 2003, numerous exotic structures have been observed in experiments [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , amongst which many states cannot be accommodated into the traditional quark model. In the literature, there are many possible explanations. The most prominent ones are the molecules (loosely bound states of two hadrons), the tetraquarks (compact bound states), and the hybrids (composed of gluons and quarks), etc. For a recent review, see Refs. [12] [13] [14] [15] [16] .
A fully heavy tetraquark state is a topic of great interest. The interactions between the heavy quarks may be dominated by the short-range one-gluon-exchange (OGE) potential rather than the long-range potentials. Thus, they are good candidates of the compact tetraquark states. Unlike a meson or a baryon where the color configuration of the quarks is unique, i.e. q iqj δ ij or ijk q i q j q k , the color structure for the tetraquark is much richer. For the tetraquark states, the four quarks can neutralize the color in two ways, 6 c ⊗6 c = 1 c and 3 c ⊗ 3 c = 1 c . In this work, we label the two color configurations |(QQ) 6cQQ6 c and |(QQ)3 cQQ3c as 6 c −6 c and3 c − 3 c , respectively. In Refs. [17] [18] [19] , the authors investigate the tetraquark states in the3 c − 3 c configuration. In Refs. [20, 21] , the authors pointed out that the 6 c −6 c configuration is also very important to form the tetraquark states. The fully heavy tetraquark state is a golden system to investigate the inner color configuration of the multiquark states. For the above reasons, the fully heavy tetraquark states have inspired both the experimental and theoretical attention. * wgj@pku.edu.cn † lmeng@pku.edu.cn ‡ zhusl@pku.edu.cn
Recently, the CMS collaboration observed the Υ(1S) pair production and indicated a bbbb signal around 18.4 GeV with a global significance of 3.6σ [22, 23] . Later, the LHCb searched the invariant mass distribution of Υ(1s)µ + µ − and did not observe the tetraquark state X bbbb [24] . The tension between CMS and LHCb data requires more experimental and theoretical studies of the fully-beauty tetraquarks.
The mass spectroscopy has been a major platform to probe the dynamics of the tetraquarks. Since 1975, there have been many theoretical works about the mass spectroscopy of the fully heavy quark states [25] [26] [27] [28] [29] [30] [31] . The existence of the fully heavy quark states is still controversial. Recent interests have followed the experimental developments in the past several years. The mass spectra have been calculated in different schemes, for instance, a diffusion Monte Carlo method [32] , the non-relativistic effective field theory (NREFT) [33] , the QCD sum rules [34] [35] [36] , covariant Bethe-Salpeter equations [37] , various quark models [38] [39] [40] , and other phenomenological models [41] [42] [43] [44] [45] . The lowest bbbb and cccc states are estimated to be in the mass range 18 − 20 GeV and 5 − 7 GeV, respectively. In contrast, the authors of Ref. [46] investigated the mass spectra of the QQQQ states in the Chromomagnetic interaction (CMI) model and concluded that no stable QQQQ states exist. Later, several other approaches, such as the nonrelativistic chiral quark model [47, 48] , the lattice QCD [49] and other models [50, 51] also do not support the existence of the bound QQQQ states.
To investigate the existence of the full heavy tetraquark states, we systematically calculate the mass spectra of the bbbb, cccc and bbcc (ccbb) in two nonrelativistic quark models. In general, a tetraquark state should be an admixture of the two color configurations, 6 c −6 c and3 c − 3 c . In this work, with the couple-channel effects, we perform the dynamical calculation of the mass spectra of the tetraquark states and investigate the inner structures of the ground states.
We organize the paper as follows. In Sec. II, we introduce the formalism to calculate their mass spectra, including two non-relativistic quark models, the construction of the wave functions, and the analytical expressions of the Hamiltonian matrix elements. In Sec. III, we present the numerical results and discuss the couplechannel effects between the3 c − 3 c and 6 c −6 c configurations. In Sec. IV, we compare our results with those in other models and give a brief summary.
II. FORMALISM A. Hamiltonian
The nonrelativistic Hamiltonian of a Q 1 Q 2Q3Q4 tetraquark state reads
with
where p i and m i are the momentum and mass of the ith quark. The kinematic energy of the center-of-mass system has been excluded by the constraint 4 i=1 p i = 0. V ij is the potential between the ith and jth quarks. The u ij , m ij , p ij , and P ij are the reduced mass, total mass, relative momentum, and total momentum of the (ij) pair of quarks, respectively. The u and p are the reduced mass and relative momentum between the (12) and (34) quark pairs. h 12 , h 34 and V I represent the (12) quark pair inner interaction, (34) quark pair interaction and interaction between the two pairs.
Since the heavy quark mass is large, the relativistic effect is less important. We use a nonrelativistic quark model to describe the interaction between two heavy quarks. The quark model proposed in Ref. [52] contains one gluon exchange (OGE) plus a phenomenological linear confinement interaction and the V ij reads
where λ is the color matrix (replaced by −λ * for an antiquark). s i is the spin operator of the ith quark. r ij is the relative position of the ith and jth quarks. V coul , V conf , and V hyp represent the OGE color Coulomb, the linear confinement, and the hyperfine interactions, respectively. The OGE interaction leads to a contact hyperfine effect and an infinite hyperfine splitting. In Eq. (7), the smearing effect has been considered in V hyp .
The α s is the running coupling constant in the perturbative QCD,
In this work, we take the square of the invariant mass of the interacting quarks as the scale Q 2 . The values of the parameters are listed in Table I . They are determined by fitting the mass spectra of the mesons as listed in Table II .
To investigate the model dependence of the mass spectrum, we also consider another nonrelativistic quark model proposed in Ref. [53] . The potential reads
where r 0 = A(
−B is related to the reduced mass of the two quarks (ij). In this model, all the mass information is included in the hyperfine potential, which is expected to play a more important role than that in Model I. The parameters of the potentials are listed in Table I . With these parameters, we calculate the mass spectra of the mesons and list them in Table II .
In this work, we concentrate on the S-wave tetraquark states and do not include the tensor and spin-orbital interactions in the two quark models. In Table II , we notice that both models are able to reproduce the mass spectra of the heavy quarkonia. In the following, we will extend the two quark models to study the fully heavy tetraquarks.
B. Wave function
In a Q 1 Q 2Q3Q4 tetraquark state, there are three sets of Jacobi coordinates as illustrated in Fig. 1 . Each of them contains three independent Jacobi coordinates, and they can be transformed into others as follows, 
where Table III . The superscripts a and b represent the quark cluster and antiquark cluster, respectively.
To simplify the calculation, we use the first coordinate configuration to construct the wave function considering the symmetry of the inner quarks. The wave function of a tetraquark state is
where the ψ is the total wave function of the tetraquark state, and ϕ denotes that of the cluster (a) or (b). J (J z ) is the total angular momentum (the third direction component) of a tetraquark state. The is the sum over all the possible wave functions which may couple to the definite angular momentum J. n a(b) and N specify the radial dependence. The s a(b) , l a(b) and J a(b) are the spin, orbital and total angular momentum of the cluster a (b). L ab is the orbital angular momentum between the two clusters. The χ s , χ f , χ c are the wave functions in the spin, the isospin, and the color space, respectively. φ is the spatial wave function and is expressed by the Gaussian basis [55] ,
with β a being the oscillating parameter.
In this work, we concentrate on the S-wave tetraquark states. Their wave functions are expanded by the basis which satisfies the relation l a + l b + L ab = 0. The states with higher orbital excitations contribute to the ground state through the tensor or the spin-orbital potentials. These contributions are higher order effects and neglected in this work. Thus, for the lowest S-wave tetraquark states, we only consider the wave functions with l a = l b = L ab = 0. The wave function of the tetraquark state in Eq. (11) is simplified as
where S is the total spin of the tetraquark state and 1 represents the color-singlet representation. For the spatial wave functions, we have omitted the orbital angular momentum in the Gaussian wave function φ.
The wave functions are constrained by the Pauli principle. The S-wave diquark (antidiquark) with two identical quarks (antiquarks) has two possible configurations as listed in Table IV . Then, for the cccc, bbbb, and bbcc tetraquark states, the possible color-flavor-spin functions read 
TABLE IV. The configurations of the diquark (antiquark) constrained by Pauli principle. "S" and "A" represent symmetry and antisymmetry.
• J P C = 2
where the superscript and subscript denote the spin and color representations.
C. Hamiltonian matrix elements
With the wave function constructed in section II B, we calculate the Hamiltonian matrix elements. For the quark model I, the matrix element of h 12 reads,
,
where n, λ, k, m, ν, k specify the radial dependence. The I C and I CM are the color factor and the color electromagnetic factor in Table V and Table VI , respectively. χ αi,αj denote the color-flavor-spin configurations as illustrated in Eq. (12) . Since the potential h 12 is diagonal in the color-flavor-spin space, it does not induce the coupling of different χ αi,αj channels and the h 12 is proportional to δ αiαj . The derivation of h 34 is similar to that of h 12 .
Unlike the h 12 and h 34 , the V I (r ij ) with i = 1, 2 and j = 3, 4, which is the interaction between the diquark and antidiquark, may lead to the mixing between different color-spin-flavor configurations, i.e. χ αi and χ αj . The V I (r ij ) reads
where β (a,b) and γ (a,b) are the oscillating parameters. The implicit forms of the notations are for the (ij) pair of quarks. The subscripts denote the color representation of the cluster.
si · sj|χα j for the (ij) quark pairs. The χα i,j denotes the color-flavor-spin wave functions in Eqs. (13)- (15) . 
.
With the above analytical expressions, we calculate the mass spectrum of the fully heavy tetraquark states QQQ Q . The numerical results are given in the next section.
III. NUMERICAL RESULTS
The wave function of a tetraquark state is composed of all wave functions which subject to the conditions discussed in section II B. The number of the basis N 3 increases from the minimum required to a large limit. We take the cccc tetraquark state with J P C = 1 +− as an example to investigate the dependence of the results on the number of the basis. Its wave function is expanded with Fig. 2 . The mass spectrum tends to be stable when N 3 is larger than 2 3 . Therefore, we expand the wave functions of the tetraquark states with 2 3 Gaussian basis in the following calculation.
FIG 
where α 1,2 = {n a , l a , n b , l b , N, L}, β (a,b) and γ (a,b) are the oscillating parameters for the3 c − 3 c and 6 c −6 c tetraquark states. A α1 and B α2 are the expanding coefficients. At first, we do not consider the mixture between thē 3 c − 3 c and 6 c −6 c tetraquark states and solve the Schödinger equation with the variational method. We obtain their mass spectra and display them in the left panel of Fig. 3 .
For the cccc and bbbb systems, the 6 c −6 c states are located lower than the3 c −3 c ones as illustrated in Fig. 3 . In the OGE model, the interactions between the two quarks within a color-sextet diquark are repulsive due to the color factor in Table V , while those in the3 c one is attractive. However, the interactions between the 6 c diquark and6 c antidiquark are attractive and much stronger than that between the3 c diquark and 3 c antidiquark. There exists a 6 c −6 c tetraquark state, if the attraction between diquark and antidiquark wins against the repulsion within the diquak (antidiquark). If the attractive potentials are strong enough, the 6 c −6 c state stays even lower than the3 c − 3 c one. That is what happens to the cccc, bbbb tetraquark states with J P C = 0 ++ in the two quark models. For the bbcc (ccbb) state, the 6 c −6 c state is lower in model I, while the3 c − 3 c state is lower in model II.
In general, a tetraquark state is a mixture of the3 c −3 c and 6 c −6 c states as illustrated in Eq. (22) . With the couple-channel effects of the3 c − 3 c and 6 c −6 c color configurations, we obtain the mass spectrum of the 0 ++ states and list them in Table VII . The spectra obtained with3 c − 3 c and 6 c −6 c mixing are given in Fig. 3 . The mixing effect will pull down the lower state and raise the higher state. The two quark models lead to similar mass spectra for the cccc, bbbb, and bbcc (ccbb) tetraquark states with the differences up to tens of MeV. However, the proportions of the components in the two quark models are quite different. The mixing between the3 c − 3 c and 6 c −6 c states are more stronger in model II. The reasons are explained as follows.
In model I and model II, we find that only the hyperfine interactions contribute to the couple-channel effects of the3 c − 3 c configuration and the 6 c −6 c one, while the contributions from the confinement and Coulomb potentials vanish. We illustrate the underlying dynamics as follows. The matrices of h 12 and h 34 are diagonal due to the orthogonality of the wave functions of different configurations. However, the V coul + V linear + V hyp in V I , which describes the interactions between the diquark and antidiquark, may result in the couple-channel effects of different configurations. For an S-wave tetraquark state with two identical quarks (antiquarks), such as QQQ 1Q2 (Q 1 Q 2QQ ), the spin wave functions of different possible configurations are orthogonal, which is constrained by the Fermi statistic. Since the OGE Coulomb and linear confinement potentials do not contain spin operators, they do not contribute to the couple-channel effects due to the orthogonality of the spin wave functions. And only the hyperfine potential contributes. That is what happens to the QQQ Q state in this work.
For a tetraquark state without identical quarks and antiquarks, i.e., Q 1 Q 2Q3Q4 (Q 1 = Q 2 and Q 3 = Q 4 ), the spin wave functions of different configurations may be the same. The four quarks form a color singlet state and the color matrix element is
where χ i and χ j represent two different color configurations and they are the eigenvectors of λ 1 +λ 2 and λ 3 +λ 4 . Considering their orthogonality, one obtains
Then the color factors of the (13), (14), (23), and (24) pairs of quarks cancel out,
Moreover, if the coupling constants are the same for the four quark pairs, the contributions from the OGE Coulomb and the linear confinement potentials will cancel out completely. In model I, the contributions from the color interactions do not cancel out exactly due to different α s . However, partial cancellations are still expected. In model II, the OGE Coulomb and linear confinement potentials do not depend on the mass of the interacting quarks. Thus, the couple-channel effects arising from the OGE Coulomb and linear confinement potentials cancel out. The mixing between different color-flavor-spin configurations only comes from the hyperfine potential, which is inversely proportional to the interacting quark mass. Thus, the mixing in the cccc state is generally larger than that in the bbbb state.
In model II, all the flavor dependence is packaged into the hyperfine interaction, which is different from model I. The hyperfine interaction in model II should play a more important role than that in model I. Therefore, the couple-channel effect in model II is stronger as illustrated in Fig. 3 .
In model II, since the r 0 in the hyperfine interaction is the function of the reduced mass between the two quarks, its value for bc is in proximity to that of cc. Then, the mixing in cccc and bbcc are similar as illustrated in Table VII. One may wonder the additional dependence of the mixing on the number of the expanding basis. For instance, when we use 2×3 3 bases to expand the wave function of the cccc state in model I, we find there are 11.4% 3 c − 3 c and 88.6% 6 c −6 c components in the tetraquark state. The percents change slightly with the number of the basis.
In Ref. [48] , the authors pointed out that the state |(QQ)3 c (QQ) 3c (Q = c, b) is located lower than the |(QQ) 6c (QQ)6 c state, which contradicts with our results. The inconsistency was due to their use of particular wave functions. The authors used the same oscillating parameters for the3 c − 3 c and 6 c −6 c states. Moreover, the oscillating parameters are proportional to the reduced masses of the interacting quarks. With their wave function, we reproduced their results. However, if we remove the two constrains on the wave functions, we TABLE VII. The mass spectra of cccc, bbbb, and bbcc (bbcc) tetraquark states with J P C = 0 ++ . β (a,b) and γ (a,b) represent the oscillating parameters of the3c − 3c and 6c −6c tetraquark states, respectively. find the lowest state with a dominant 6 c −6 c component as listed in Table VIII , which is lower than that in Ref. [48] .
B. The tetraquark states with J P = 1 +− and 2
++
Constrained by the Fermi statistics, the tetraquark states QQQ Q (Q and Q may be the same flavors) with J P = 1 +− and 2 ++ only contain one color component, i.e.3 c − 3 c . We list the mass spectra of the S-wave states and their radial excitations in Table IX . The mass spectra in the two models are quite similar to each other. The results from Model II are slightly higher than those in Model I.
The tetraquark states with J P = 1 +− and 2 ++ have the same configurations except the total spin. Therefore, the mass difference arises from the hyperfine potential, which is quite small compared with the OGE Coulomb and linear confinement potentials. Thus, the mass spectra of these two kinds of states are almost the same.
C. Disscussion
A tetraquark state can be expressed in another set of color representations as follows,
To investigate the inner structure of the tetraquark, we calculate its proportions in the new set and the root mean square radii of the state, which are listed in Table X . The ground states contain the 8 c ⊗ 8 c configuration. In model I, the proportion of the 8 c ⊗ 8 c configuration is considerable, which supports that the solution is a confined state rather than a scattering state of two mesons. In model TABLE VIII. The comparison of the mass spectra of 0 ++ cccc and bbbb from Ref. [48] and our results using the same quark model. In the right table, we remove the constrains on the wave functions used in Ref. [48] .
Ref. [48] without constrains TABLE IX. The mass spectra of the cccc, bbbb and bbcc states with J P C = 1 +− and 2 ++ in units of GeV.
Model I nS II, though the 1 c ⊗ 1 c configuration is dominant, the root mean square radii are of the size of nucleons. Thus, they are also unlikely to be scattering states.
We also take the cccc as an example to study the density distributions of r 2 ρ(r), r 2 ρ(r ), r 
The definitions of the ρ(r 13 ) and ρ(r ) are similar. The dependence of the density distributions on the extension of the basis function is displayed in Fig. 4 . We find that the distributions are confined in the spatial space and tend to be stable with different number of the expanding basis, which indicates the state may be a confined state instead of a scattering state. We present the mass spectra of the tetraquark states and the mass thresholds of possible scattering states in Fig. 5 . As illustrated in this figure, the bbbb, cccc, and bbcc states with J P C = 0 ++ are the lowest states. But they are still located above the corresponding mesonmeson mass thresholds, which indicates that there may not exist bound states in the two quark models.
We also investigate the constituent quark mass dependence of the tetraquark spectra. We vary the quark mass and display the results in Fig. 6 . The figure shows that both the tetraquark mass and the η Q η Q threshold increase with the quark mass. The QQQQ is always located above the mass thresholds of the η Q η Q and no bound tetraquark states exist.
IV. SUMMARY
In this work, we have systematically calculated the mass spectra of the tetraquark states cccc, bbbb, and bbcc in two nonrelativistic quark models, which contain the OGE Coulomb, linear confinement and hyperfine potentials.
For a QQQ Q (Q and Q may be the same flavors) state with J P C = 0 ++ , it can be formed by a 6 c diquark and a6 c antidiquark, or a3 c diquark and a 3 c antidiquark. For the tetraquark states cccc and bbbb, the 6 c −6 c states are located lower than the3 c − 3 c ones due to the strong attractions between the diquark and the antidiquark. For the bbcc (ccbb), the mass of the 6 c −6 c state is lower than that of the3 c − 3 c one in the model I, while the3 c − 3 c one is lower in the model II. Our calculation shows that the 6 c −6 c color configuration is important and sometimes even dominant in the formation of fully heavy tetraquark states. One should be cautious about neglecting the 6 c −6 c color configurations in calculating TABLE X. The proportion of the color configurations and the root mean square radii of the cccc, bbbb, and bbcc (bbcc) tetraquark states with J P C = 0 ++ . r 2 ij and r ( )2 are the root mean square radii corresponding to the second Jacobi coordinate in Fig. 1 . (a)The mass spectra of the tetraquark states QQQQ with J P C = 0 ++ . 
(b)The mass difference between the tetraquark states and the mass threshold of η Q η Q .
FIG. 6.
The quark mass dependence of the 0 ++ tetraquark states QQQQ in model II. In this figure, we use the ηQ to denote the meson state QQ with J P C = 0 −+ .
the tetraquark states. The 6 c −6 c configuration couples with the3 c − 3 c one through the interactions between the diquark and antidiquark. For a QQQ Q state, we prove that only the hyperfine potential contributes to the mixing between the two configurations, while the contributions from the OGE Coulomb and the linear confinement potentials cancel out exactly.
In Table XI , we summarize our numerical results and those from the CMI model [42, 43, 46] , a nonrelativistic effective field theory (NREFT) and a relativized diquark and antidiquark model [33] , a diffusion MonteCarlo method [32] , a constituent quark model with the hyperspherical formalism [40] , the nonrelativistic potential model [48] , and the QCD sum rule [36, 56] . In this table, we notice that the numerical results in the two nonrelativistic quark models are similar to each other. The results show that the lowest states are the ones with J P C = 0 ++ . These ground states are located about 300 ∼ 450 MeV above the lowest scattering states, which indicates that there may not exist bound tetraquark states cccc, bbbb, and bbcc (ccbb) in the scheme of the two nonrelativistic quark models.
The parameters of the two quark models are determined by the meson spectrum. The potentials in a fourbody system may be slightly different from those which are widely used in the conventional meson and baryon systems. The different confinement mechanism may lead to different spectra. For example, the three-body force arising from the triple-gluon vertex may be non-negligible for the multi-quark systems. In contrast, this force vanishes for the traditionalmeson andbaryons. The fully heavy tetraquark states can be searched for at CMS, LHCb, and BelleII. More experimental data may provide a deeper understanding of the interactions in the multiquark system. 
